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CONTENTS iii

This volumedevelops twoquantitative central limit theorems. LetX1, . . . , Xn

be independent centered real random variables with unit total variance, and
putW =

∑︁
iXi and β3 =

∑︁
i E|Xi|3. The nonuniform Berry–Esseen theorem

gives a universal constant C > 0 such that

|Pr(W ≤ x)− Φ(x)| ≤ Cβ3
1 + |x|3

, x ∈ R.

For independent centered randomvectors inRd, putW =
∑︁

iXi,Σ = Cov(W ),
andβ =

∑︁
i E∥Σ−1/2Xi∥32. IfΣ is positive definite andZ ∼ Nd(0,Σ), Bentkus’s

theorem gives a universal constant C > 0 such that

sup
A∈Cd

|Pr(W ∈ A)− Pr(Z ∈ A)| ≤ Cd1/4β,

where Cd is the class of Borel convex subsets of Rd. The exposition devel-
ops the proofs from their mathematical prerequisites: Stein’s equation, con-
centration and truncation for the scalar theorem; convex distance, Gaussian
boundary measure, Ball’s perimeter estimate, Gaussian replacement, induc-
tion, and whitening for the multivariate theorem.





1 Nonuniform Berry–Esseen
bounds

Let Φ(x) = Pr(Z ≤ x) for a standard normal random variable Z. In this
section I is finite, (Ω,F ,P) is a probability space, and (Xi)i∈I is an indepen-
dent measurable real-valued family. We writeW =

∑︁
iXi and γ =

∑︁
i E|Xi|3

whenever the moments exist.
The proof proceeds from the half-line Stein equation through concentra-

tion, one-sided truncation, and an exact residual decomposition. The final
reflection step converts the positive-threshold estimate into a bound on the
whole real line.

1.1 The half-line Stein equation

Definition 1.1.1

Indicator Stein solution. For z, w ∈ R, put

hz(w) = 1{w≤z} − Φ(z), fz(w) = ew
2/2

∫︂ w

−∞
hz(t)e

−t2/2 dt.

The function fz is continuous and nonnegative. At every w ̸= z it
is differentiable and satisfies

f ′z(w)− wfz(w) = hz(w).

With the everywhere-defined representative f ′z(w) = wfz(w) +
hz(w), one has, for every z, w ∈ R,

|wfz(w)| ≤ 1, |f ′z(w)| ≤ 2, 0 ≤ fz(w) ≤
√
2π

2
.

This is the half-line specialization of Chen and Shao (2005), Section 2.2,
Lemma 2.2 and equations (2.3)–(2.9), printed pp. 10–11. The displayed integral
fixes the same (−∞, z] convention as the library CDF.
Theorem 1.1.2
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2 CHAPTER 1. NONUNIFORM BERRY–ESSEEN BOUNDS

Tail-sensitive derivative bounds and the integrated Stein equa-
tion. WriteΦ for the standard Gaussian distribution function. The
derivative of the indicator Stein solution has the two exact forms

f ′x(w) = (1− Φ(x))
(︂
1 + w

√
2π ew

2/2Φ(w)
)︂
, w ≤ x,

f ′x(w) = Φ(x)
(︂
w
√
2π ew

2/2(1− Φ(w))− 1
)︂
, x < w.

In particular, if x > 0 and w ≤ 0, then

|f ′x(w)| ≤ 2(1− Φ(x)),

while, if x ≥ 2 and |w| ≤ x/2, then

|f ′x(w)| ≤ (1− Φ(x))
(︂
1 +

√
2π

x

2
ex

2/8
)︂
.

Finally, for afinite sumW =
∑︁

iXi ofmeasurable square-integrable
variables,

Pr(W ≤ x)− Φ(x) = Ef ′x(W )− E[Wfx(W )].

The two closed forms are the half-line specialization of Chen and Shao
(2005), equation (8.3), printed p. 54, derived from the solution in equation
(2.3), printed pp. 9–10. The Mills bounds in equation (8.1) and sign estimates
in equations (8.4)–(8.5), printed pp. 54–55, give the displayed tail majorants;
the |w| ≤ x/2 specialization is used in the proof of equation (6.17), printed p.
46. The integrated identity is equation (1.4), printed p. 4, and the first equality
in the residual expansion (6.16), printed p. 46.

1.2 Uniform approximation and leave-one-out concentration

Lemma 1.2.1

Uniform leave-one-out concentration. Suppose EXi = 0, EX2
i <

∞, and
∑︁

i Var(Xi) = 1. If γ <∞, then, forW (i) =W −Xi, every
i ∈ I, and all a ≤ b,

Pr(a ≤W (i) ≤ b) ≤
√
2 (b− a) + 2(

√
2 + 1)γ.

The proof follows the concentration-kernel argument of Chen and Shao
(2001), Section 3, especially Proposition 3.2 and equations (3.2)–(3.6), printed
pp. 239–241. The constants above followwithout the paper’s additional small-
truncation hypothesis; under that hypothesis, Chen–Shao obtain the sharper
coefficients 1.5 and 3.3δ.
Theorem 1.2.2
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Uniform third-moment Berry–Esseen theorem. Suppose EXi =
0, E|Xi|3 <∞, and

∑︁
i Var(Xi) = 1. Then, for every x ∈ R,

|Pr(W ≤ x)− Φ(x)| ≤ 30γ.

Combining the concentration inequalitywith the Stein residual estimate in
themanner of Chen and Shao (2005), Sections 5.1–5.2, printed pp. 31–35, gives
the constant 30. The sharper constant 4.1 in Chen and Shao (2001), Theorem
2.1, printed pp. 237–238, belongs to their truncated-moment bound.

1.3 Exponential concentration

Lemma 1.3.1

Bennett–Hoeffding moment-generating-function bound. Let J
be finite and let (ηj)j∈J be independent measurable random vari-
ableswithfinite secondmoments. SupposeEηj ≤ 0, ηj ≤ α almost
surely, α > 0, and ∑︂

j∈J

Eη2j ≤ B2.

Then, for every t ≥ 0,

E exp

⎛⎝t∑︂
j∈J

ηj

⎞⎠ ≤ exp
(︃
etα − 1− tα

α2
B2

)︃
.

Consequently, for every x ∈ R,

Pr

⎛⎝∑︂
j∈J

ηj ≥ x

⎞⎠ ≤ exp
(︃
−tx+

etα − 1− tα

α2
B2

)︃
.

This is Lemma 6.2 and equation (6.2) of Chen and Shao (2005), together
with its Chernoff consequence, printed pp. 40–41. Keeping t as a parameter
and optimizing it recovers the paper’s equations (6.3)–(6.4).
Proposition 1.3.2

Exponential concentration for the upper-truncated leave-one-
out sum. Define X̄j = Xj1{Xj≤1} and W̄ (i) =

∑︁
j ̸=i X̄j . Suppose

EXj = 0, EX2
j <∞,

∑︁
j Var(Xj) = 1, and γ <∞. Then, for every

i ∈ I and all a ≤ b,

Pr(a ≤ W̄ (i) ≤ b) ≤ e−a/2
(︁
24(b− a) + 48γ

)︁
.

This is the exponentially weighted conclusion of Chen and Shao (2005),
Proposition 6.1, equation (6.1), with the proof on printed pp. 41–43. The pa-
per prints constants 5, 7. Accounting explicitly for the one-sided truncation
drift gives the coefficients 24, 48; the displayed exchange equality in the source
omits this drift.
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1.4 One-sided truncation

Proposition 1.4.1

Comparisonwithone-sided truncation. SupposeEXi = 0,E|Xi|3 <
∞,

∑︁
i Var(Xi) = 1, and γ ≤ 1. Put X̄i = Xi1{Xi≤1} and W̄ =∑︁

i X̄i. For every z ≥ 2,

Pr(W > z) ≤ Pr(W̄ > z) +
45γ

1 + z3
,

and hence

|Pr(W ≤ z)− Φ(z)| ≤ |Pr(W̄ ≤ z)− Φ(z)|+ 45γ

1 + z3
.

The event decomposition is in Section 6.2, equations (6.13)–(6.14), of Chen
and Shao (2005), printed p. 44. The displayed 45 is the explicit constant proved
by the large-jump and leave-one-out estimates.

1.5 Stein exchange and residual decomposition

Theorem 1.5.1

Noncentered Stein exchange for the upper-truncated sum. Let
Yi = X̄i, W̄ =

∑︁
i Yi, and W̄

(i) = W̄ − Yi. Define

Ki(t) = E
[︁
|Yi|1{min(0,Yi)≤t≤max(0,Yi)}

]︁
.

If theXi have finite second moments, then, for every z ∈ R,

E[W̄fz(W̄ )] =
∑︂
i

∫︂
R
E[f ′z(W̄ (i) + t)]Ki(t) dt+

∑︂
i

EYi E[fz(W̄ (i))].

This is the noncentered form of the exchange used in Section 6.2, equation
(6.16), of Chen and Shao (2005), printed p. 45. Retaining the second sum is
essential: one-sided truncation generally makes EYi < 0.
Theorem 1.5.2

TheR1 +R2 +R3 identity. Set

q = 1−
∑︂
i

EX̄2
i , T =

∑︂
i

∫︂
R
E[f ′z(W̄ (i) + t)]Ki(t) dt,

and
M =

∑︂
i

EX̄i E[fz(W̄ (i))].
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Define

R1 = q Ef ′z(W̄ ), R2 = (1− q)Ef ′z(W̄ )− T, R3 = −M.

IfEXi = 0,
∑︁

i Var(Xi) = 1, and γ <∞, then 0 ≤ q ≤ γ; moreover,
without the centering and variance assumptions needed for that
bound, the exact identity

Pr(W̄ ≤ z)− Φ(z) = R1 +R2 +R3

holds whenever the coordinates have finite second moments.

This is Section 6.2, equation (6.16), of Chen and Shao (2005), printed p. 45,
with the missing second-moment mass and nonzero truncated means made
explicit.

1.6 Estimates for the residual terms

Lemma 1.6.1

Exponential bounds for R1 and R3. Under the centered, unit-
total-variance, finite-third-momenthypotheses above, for every z ≥
2,

|R1| ≤ 8e−z/2γ, |R3| ≤ 8e−z/2γ.

These are explicit versions of Chen and Shao (2005), Section 6.2, equations
(6.17)–(6.18), printed p. 45. The source records an unspecified absolute con-
stant; the estimates above give 8 in both inequalities.
Theorem 1.6.2

Deterministicexpected-kernel representationandsplit ofR2. For
Ki(t) = E[|X̄i|1{min(0,X̄i)≤t≤max(0,X̄i)}], one has∫︂

R
Ki(t) dt = EX̄2

i .

Writing F = Ef ′z(W̄ ), the residual is

R2 =
∑︂
i

∫︂
R

(︁
F − Ef ′z(W̄ (i) + t)

)︁
Ki(t) dt.

Using f ′z(w) = wfz(w) + 1{w≤z} − Φ(z) splits this exactly as R2 =
R2,1 +R2,2, where

R2,1 =
∑︂
i

∫︂ (︁
Pr(W̄ ≤ z)− Pr(W̄ (i) + t ≤ z)

)︁
Ki(t) dt

and

R2,2 =
∑︂
i

∫︂ (︁
E[W̄fz(W̄ )]− E[(W̄ (i) + t)fz(W̄

(i) + t)]
)︁
Ki(t) dt.
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This is the split immediately after equation (6.18) in Chen and Shao (2005),
Section 6.2, printedpp. 45–46. Fubini and leave-one-out independence supply
the deterministic kernels in the display.
Lemma 1.6.3

IndicatorpartofR2. Under the centered, unit-total-variance, finite-
third-moment hypotheses, for every z ∈ R,

|R2,1| ≤ 168e−z/2γ.

Applying the two orientations of the conditional interval estimate in Sec-
tion 6.2, equations (6.19) and (6.21)–(6.22), of Chen and Shao (2005), printed
p. 46 gives the stated bound. The source uses an unspecified constant; the
preceding concentration estimate gives 168.
Lemma 1.6.4

Stein-product increment estimate. Let gz(w) = (wfz(w))
′ away

from z, with the everywhere-defined representative obtained from
the two one-sided formulas. There is an explicit absolute constant
Cinc > 0 such that, under the centered and unit-total-variance hy-
potheses, for every i ∈ I, z ≥ 2, and s, t ≤ 1,⃓⃓⃓
E
[︁
(W̄ (i) + t)fz(W̄

(i) + t)− (W̄ (i) + s)fz(W̄
(i) + s)

]︁⃓⃓⃓
≤ Cince

−z/2(|s|+|t|).

In addition,

bfz(b)− afz(a) =

∫︂ b

a

gz(u) du

for every a, b ∈ R, including intervals crossing z.

This is Lemma 6.5 and equations (6.23)–(6.24) of Chen and Shao (2005),
printed pp. 46–48. Here Cinc = Clow + 3(

√
2π/2 + 2)e2ee

2−3.
Lemma 1.6.5

Stein-product part of R2. Leave-one-out independence gives, for
every i,

E[W̄fz(W̄ )] = EX̄i
EW̄ (i) [(W̄ (i) + X̄i)fz(W̄

(i) + X̄i)].

Consequently, under the centered, unit-total-variance, finite-third-
moment hypotheses and for every z ≥ 2,

|R2,2| ≤
3

2
Cince

−z/2γ.

This completes the integration step in Chen and Shao (2005), Section 6.2,
equation (6.20), printed p. 46. The factor 3/2 is the sum of the exact first ab-
solute moment of the expected kernel, 1/2, and the product of its total mass
with the coordinate first moment, bounded by 1.
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1.7 The central nonuniform estimate

Theorem 1.7.1

Central exponential estimate for theupper-truncatedsum. There
is an absolute constant

A = 184 +
3

2
Cinc ≥ 0

such that, for everyfinite independentmeasurable familywithEXi =
0, E|Xi|3 <∞, and

∑︁
i Var(Xi) = 1, for every z ≥ 2,⃓⃓

Pr(W̄ ≤ z)− Φ(z)
⃓⃓
≤ Ae−z/2γ.

This is the finite-third-moment specialization of the conclusion assembled
in Section 6.2, equations (6.16)–(6.24), of Chen and Shao (2005), printed pp.
45–48. The four explicit contributions are 8 from R1, 8 from R3, 168 from
R2,1, and (3/2)Cinc from R2,2.

1.8 Reflection and the nonuniform theorem

Theorem 1.8.1

Reduction fromupper-truncated decay to the nonuniform theo-
rem. Suppose an absolute A ≥ 0 satisfies the central exponential
estimate in the preceding node for all finite families. Then there
is an absolute C = 270 + 54A > 0 such that every centered inde-
pendent family with finite third moments and unit total variance
satisfies, for all x ∈ R,

|Pr(W ≤ x)− Φ(x)| ≤ Cγ

1 + |x|3
.

The positive-threshold argument follows Chen and Shao (2005), Section
6.2, printed pp. 44–48: the uniform theorem handles bounded x, the trun-
cation comparison handles large jumps, and e−x/2 ≤ 54/(1 + x3) for x ≥ 2.
Reflection of the law supplies negative thresholds with the atom-safe (−x)+ ε
limit required by the closed-half-line CDF convention.
Theorem 1.8.2

Finite-third-momentnonuniformBerry–Esseen theorem. There
is an absolute constant C > 0 with the following property. Let I
be a finite index set, let (Ω,F ,P) be a probability space, and let
(Xi)i∈I be independent measurable real-valued random variables
satisfying

EXi = 0, E|Xi|3 <∞,
∑︂
i∈I

Var(Xi) = 1.
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Writing
W =

∑︂
i∈I

Xi, γ =
∑︂
i∈I

E|Xi|3,

for every x ∈ R one has

|Pr(W ≤ x)− Φ(x)| ≤ Cγ

1 + |x|3
,

where Φ is the distribution function of a standard normal random
variable.

This finite-third-moment form goes back to Bikelis (1966). Theorem 2.2
and the discussion following it in Chen and Shao (2001), printed pp. 238–239,
prove the stronger truncated-moment version. The proof presented here fol-
lows Section 6.2 of Chen and Shao (2005), printed pp. 44–48, including the
universal R2,2 estimate and an atom-safe reflection argument.



2 Normal approximation over
convex sets

Throughout this section E = Rd has its Euclidean norm. For A ⊆ E, write

dA(x) = inf
a∈A

∥x− a∥, Aε = {x : dA(x) < ε}.

The proof has four layers. Convex distance produces smooth indicator ap-
proximations; signed distance and coarea reduce Gaussian shells to boundary
measure; Ball’s projection argument bounds that boundary measure by the
sharp order d1/4; and a Gaussian replacement induction, followed by covari-
ance whitening, proves the multivariate limit theorem.

2.1 Convex distance and smooth cutoffs

Lemma 2.1.1

Convexparallel sets. IfA ⊆ Rd is convex, then its openparallel set
Aε is convex for every ε ∈ R; its closed parallel set {x : dA(x) ≤ ε}
is convex whenever ε ≥ 0. Both parallel sets are measurable, and
for every v ∈ Rd,

(v +A)ε = v +Aε

with the analogous identity for closed parallel sets.

These are the set-theoretic facts used in Bentkus (2004), condition (ii) and
the neighborhood notation preceding Theorem 1.2, printed pp. 401–402. The
open-thickening identity remains valid for all real radii.
Theorem 2.1.2

Metricprojectionontoaclosedconvexset. LetA ⊆ Rd benonempty,
closed, and convex. For every x there is a unique point pA(x) ∈ A
such that ∥x− pA(x)∥ = dA(x). It satisfies

⟨x− pA(x), a− pA(x)⟩ ≤ 0 (a ∈ A)

9
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and, for all x, y,

∥pA(x)− pA(y)∥2 ≤ ⟨x− y, pA(x)− pA(y)⟩.

Consequently both pA and the residual map x ↦→ x − pA(x) are
1-Lipschitz.

This packages the Euclidean projection geometry used in Bentkus (2003),
Lemma 2.2, printed pp. 389–390. The paper states the resulting distance-
gradient inequalities; theprojection formulation records the geometricmech-
anism behind them.
Theorem 2.1.3

Differentiability of distance to a convex set. Under the hypothe-
ses of the preceding node, for every x, h ∈ Rd,⃓⃓

dA(x+ h)2 − dA(x)
2 − 2⟨x− pA(x), h⟩

⃓⃓
≤ 3∥h∥2.

Thus d2A is Fréchet differentiable everywhere with

D(d2A)(x)[h] = 2⟨x− pA(x), h⟩.

If x /∈ A, then dA is Fréchet differentiable at x,

DdA(x)[h] =

⟨︃
x− pA(x)

dA(x)
, h

⟩︃
, ∥DdA(x)∥ = 1.

This is the distance calculus behind Lemma 2.2, equations (2.5)–(2.9), of
Bentkus (2003), printed pp. 389–390. The derivative is written as a bounded
linear functional, together with an explicit quadratic remainder.
Theorem 2.1.4

Bentkus’s continuously differentiable distance cutoff. Let A ⊆
Rd be nonempty, closed, and convex, and let ε > 0. There is a
continuously differentiable function φε,A : Rd → [0, 1] of the form

φε,A(x) = ψ(dA(x)/ε)

such that

φε,A = 1 on A, φε,A = 0 when dA(x) ≥ ε,

and, for every x, y ∈ Rd,

∥Dφε,A(x)∥ ≤ 2

ε
, ∥Dφε,A(x)−Dφε,A(y)∥ ≤ 8

ε2
∥x− y∥.

This is Lemma 2.3, equations (2.10)–(2.12), of Bentkus (2003), printed pp.
390–391, and the same cutoff imported in Bentkus (2004), Lemma 2.2, equa-
tion (2.2), printed p. 402. Here ψ is the paper’s piecewise quadratic profile,
including its endpoint values.
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2.2 Gaussian companions and rotation

Theorem 2.2.1

Gaussiancompanionsandcanonicalprobability-space transport.
Let Xi : Ω → Rd be a finite measurable family on a probability
space (Ω, µ), put νi = Lµ(Xi), and let Σi be the matrix of the co-
variance bilinear form of νi. Then Σi is positive semidefinite, and
the canonical Gaussian product

Γ =
⨂︂
i

N(0,Σi)

has independent coordinate variables Yi that are centered, belong
to L3, and satisfy

Cov(Yi)[u, v] = Covνi
[u, v] (u, v ∈ Rd).

Themarginal-lawproduct ν =
⨂︁

i νi is a probabilitymeasurewhose
coordinate variables ˜︁Xi are independent. If the originalXi are in-
dependent, then

Lµ((Xi)i) = ν, Lµ

(︄∑︂
i

Xi

)︄
= Lν

(︄∑︂
i

˜︁Xi

)︄
.

Finally, the product ν⊗Γ carries the two coordinate families ( ˜︁Xi)i
and (Yi)i on one probability space. Each family is mutually inde-
pendent, the two coordinate blocks are independent, and hence
every ˜︁Xi is independent of every Yj . On this product space the
original coordinate retains law νi, the Gaussian coordinate retains
lawN(0,Σi), and their covariance bilinear forms agree.

This is the canonical-space realization of the Gaussian companions Yi, the
leave-one-out variables in equation (3.2), and the joint enlargement implicit in
the telescoping/rotation setup (3.2)–(3.5) ofBentkus (2004), printedpp. 403–404.
The source assumes all variables exist independently ononeprobability space.
The canonical product construction above realizes this arrangement while al-
lowing singular individual covariance matrices. The rotation identity (3.4) is
treated below.
Lemma 2.2.2

Dimension-free fourth-momentcontrol foraGaussianvector. Let
S be a positive semidefinite d× d real matrix and let Y ∼ N(0, S).
Then

E∥Y ∥4 ≤ 3
(︁
E∥Y ∥2

)︁2
.

No nonsingularity assumption is imposed on S.
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This is an explicit sufficient estimate for the dimension-free Gaussianmo-
ment comparison used by Bentkus (2004), in the discussion following equa-
tion (3.35), printed p. 408. Bentkus records the resulting third-moment com-
parisonwith an implicit absolute constant; thedisplayed fourth-momentbound,
together with Hölder’s inequality, gives an explicit constant.
Lemma 2.2.3

Exact second-moment matching on the replacement space. Let
Xi be measurable, centered, square-integrable random vectors in
Rd. On the canonical replacement space, let ˜︁Xi have the law ofXi

and let Yi ∼ N(0,Cov(Xi)) be its independent Gaussian compan-
ion. Then

E∥Yi∥2 = E∥ ˜︁Xi∥2.

The covariance, and hence the Gaussian law, may be singular.

This is the norm-moment consequence of the covariance matching used
by Bentkus (2004), immediately after equation (3.35), printed p. 408, where
the equality E|Y |2 = E|X|2 is invoked explicitly.
Theorem 2.2.4

Third-moment comparison for a covariance-matched Gaussian.
LetX bea centeredL3 randomvector inRd, and letY ∼ N(0,Cov(X)).
With the absolute constant CG = 27, one has

E∥Y ∥3 ≤ CG E∥X∥3.

Equivalently, for each coordinate pair ( ˜︁Xi, Yi) on the canonical re-
placement space,

E∥Yi∥3 ≤ 27E∥ ˜︁Xi∥3.

Bentkus (2004), uses E|Y |3 ≪ E|X|3 after equation (3.35), printed p. 408,
and reuses the sameabsolute-moment control in equations (3.39)–(3.40), printed
p. 409. The conservative value 27 is one explicit choice for the source’s implicit
constant.
Lemma 2.2.5

Mixed original–Gaussian moment bound. Under the preceding
centered L3 hypotheses, the independent canonical pair ( ˜︁Xi, Yi)
satisfies

E
[︁
∥ ˜︁Xi∥2∥Yi∥

]︁
≤ E∥ ˜︁Xi∥3.

This is theHölder estimate used immediately before equation (3.30) inVid-
mantas Bentkus (2004), printed p. 407. The source writes the estimate withX
and its covariance-matched Gaussian Y ; the display above uses their canoni-
cal independent coupling.
Theorem 2.2.6
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Rotation and low-order moment cancellation. Let X,Y be inde-
pendent random vectors in a real Banach space E, assume that
they are integrable and centered, and let B : E × E → R be a
continuous bilinear form for whichB(X,X) andB(Y, Y ) are inte-
grable. If

EB(X,X) = EB(Y, Y ),

then, for every α ∈ R, the rotation and its angular derivative

Xα = cosαX + sinαY, X ′
α = − sinαX + cosαY

are centered and satisfy the quadratic cancellation

EB(Xα, X
′
α) = 0.

Pointwise, the bilinear term expands as

B(Xα, X
′
α) = − cosα sinαB(X,X)+cos2 αB(X,Y )−sin2 αB(Y,X)+sinα cosαB(Y, Y ).

In particular, for every centered measurable L3 summandXi, the
canonical pair consisting of its marginal-law coordinate and its
covariance-matched Gaussian companion satisfies this cancella-
tion for every continuous bilinear B.

This is the low-order rotation layer introduced immediately before equa-
tion (3.4) in Bentkus (2004), and the linear/bilinear cancellation asserted in
equation (3.5), printed p. 404. Independence kills the twomixed expectations
and the matched second moment kills the remaining pair. The full telescop-
ing identity (3.4) and its third-order remainder estimates are assembled in the
rotation and standardized-induction nodes below.
Theorem 2.2.7

Coordinate rotation integrands and justified exchange of expec-
tations. On the canonical replacement space ( ˜︁Xi, Yi)i∈I , put

Zα =
∑︂
i

(cosα ˜︁Xi + sinαYi), Z ′
k,α = − sinα ˜︁Xk + cosαYk,

and let Vk =
∑︁

i ̸=k Yi. For a convex set A ⊆ Rd, ε > 0, and the
Bentkus cutoff φ = φε,A, define

Tk(α) = Dφ(Zα)[Z
′
k,α], Rk(α) = Dφ

(︂
Vk + cosα ˜︁Xk + sinαYk

)︂
[Z ′

k,α].

The rotated sum splits pointwise into its leave-one-out base and
exposed coordinate:

Zα = cosα
∑︂
i ̸=k

˜︁Xi + sinα
∑︂
i ̸=k

Yi + cosα ˜︁Xk + sinαYk.
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If the original coordinates are measurable and belong to L3, then
on every bounded angle interval both coordinate integrands are
jointly integrable with respect to angle and the replacement law.
Consequently,∫︂ b

a

ETk(α) dα = E
∫︂ b

a

Tk(α) dα,

∫︂ b

a

ERk(α) dα = E
∫︂ b

a

Rk(α) dα.

If a ≤ b, finite summation may also be interchanged:

E

[︄∑︂
k

∫︂ b

a

Tk(α) dα

]︄
=
∑︂
k

∫︂ b

a

ETk(α) dα.

Bentkus (2004), introduces the uniform rotation and leave-one-out sums
immediately before equation (3.4), printed pp. 403–404; equations (3.4)–(3.5),
printed p. 404, give the coordinate representation and low-order cancella-
tions. The actual and fully Gaussian reference contributions are the terms
split in equations (3.11)–(3.12), also printed p. 404. The joint integrability as-
sertions above justify the Fubini interchanges implicit in the paper’s compact
notation.
Theorem 2.2.8

Covarianceadditivityand the leave-one-out identity. LetX1, . . . , Xn

be independent square-integrable random vectors in Rd. For ev-
ery set of indices J and every u, v ∈ Rd, one has

Cov

(︄∑︂
i∈J

Xi

)︄
[u, v] =

∑︂
i∈J

Cov(Xi)[u, v].

Writing
W =

∑︂
i

Xi, Uk =
∑︂
i ̸=k

Xi,

it follows that

Cov(W ) = Cov(Uk) + Cov(Xk).

Consequently, if Cov(W ) = Id, and if P 2
k denotes the covariance

matrix of Uk while Σk denotes that ofXk, then

P 2
k = Id − Σk.

No individual covariance matrix is required to be nonsingular.

This is the covariance algebra in equation (3.2) and the paragraph imme-
diately following it in Bentkus (2004), printed p. 403. The subsum identity
above is stated at the level of covariance bilinear forms; the last display is its
coordinate-matrix form and is exactly the paper’s P 2

k = I − covXk notation.



2.3. WHITENING AND COVARIANCE NORMALIZATION 15

2.3 Whitening and covariance normalization

Theorem 2.3.1

Whitening a positive-definite covariance. Let S be a positive-
definite real d × dmatrix, let R = S1/2 be its positive square root,
and set T = R−1 = S−1/2. Then

TST = Id.

Equivalently, regarding these matrices as continuous linear maps,

T
(︁
S(Tx)

)︁
= x (x ∈ Rd).

Bentkus (2004), defines the positive covariance square root C by C2 =
Cov(Sn) in the notation preceding Theorem 1.1, printed p. 400, and uses C−1

in the normalization following equation (3.1), printed p. 403. This gives the
displayed C−1C2C−1 = I identity.
Theorem 2.3.2

Gaussian pushforward under whitening. Under the preceding
hypotheses, let T = S−1/2 and let R = S1/2. These maps are mu-
tually inverse continuous linear equivalences, and their Gaussian
pushforwards satisfy

T#N(0, S) = N(0, Id), R#N(0, Id) = N(0, S).

This is the Gaussian part of the rescaling Sn ↦→ C−1Sn and Z ↦→ C−1Z im-
mediately after equation (3.1) inBentkus (2004), printedp. 403; the covariance-
square-root notation is introduced before Theorem 1.1, printed p. 400.
Theorem 2.3.3

The identity-covariance theorem contract. LetX1, . . . , Xn be in-
dependent, centered L3 random vectors, suppose that their sum
W has positive-definite covarianceS, andput ˆ︁Xi = S−1/2Xi. Then∑︂

i

ˆ︁Xi = S−1/2W,

the family ( ˆ︁Xi)i remains independent and centered, and

Cov

(︄∑︂
i

ˆ︁Xi

)︄
= Id.

For afixedconstantC, the identity-covariance contract asserts that
every such normalized family and every measurable convex B ⊆
Rd satisfy⃓⃓⃓⃓

⃓Pr
(︄∑︂

i

ˆ︁Xi ∈ B

)︄
− γd(B)

⃓⃓⃓⃓
⃓ ≤ Cd1/4

∑︂
i

E∥ ˆ︁Xi∥3.

Here γd denotes standard Gaussian measure on Rd.
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This is the standardized estimate in equation (3.1) and the rescaling para-
graph immediately after it in Bentkus (2004), printed p. 403. It separates the
identity-covariance estimate from the subsequent whitening argument.
Theorem 2.3.4

One-set transport from the standardized estimate. Let S be pos-
itive definite, T = S−1/2, W =

∑︁
iXi, and B = T (A). Write γS

for centered Gaussian measure with covariance S. An invertible
linear map preserves convexity, and the two event identities are

Pr(TW ∈ B) = Pr(W ∈ A), γId(B) = γS(A).

Consequently, any identity-covariance bound at the single set B
transports to

|Pr(W ∈ A)− γS(A)| ≤ Cd1/4
∑︂
i

E∥S−1/2Xi∥3.

Bentkus (2004), uses invariance of the set class under invertible symmetric
linear maps in condition (i), printed p. 401, and applies the transformation
C−1 immediately after equation (3.1), printed p. 403. This node is the one-set
form of that reduction and yields exactly the normalization in Theorem 1.1,
equation (1.1), printed p. 400.

2.4 Signed distance and coarea

Theorem 2.4.1

Signeddistanceand itseikonal identity. LetA ⊊ Rd beanonempty
convex set and define

δA(x) = d(x,A)− d(x,Ac) =

{︄
−d(x,Ac), x ∈ A,

d(x,A), x /∈ A.

Then δA is Fréchet differentiable at Lebesgue-almost every point
and

∥DδA(x)∥ = 1

at almost every such point.

Raič (2019), defines the signeddistanceonprintedpp. 2825–2826 andproves
the almost-everywhere differentiability and eikonal conclusions in Proposi-
tion 3.3(2)–(3), printed p. 2844. The derivative above is the Fréchet derivative
on Euclidean space.
Lemma 2.4.2
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Signed-distance fibers are parallel-set frontiers. Under the pre-
ceding hypotheses, for t > 0, t = 0, and t < 0, respectively,

{x : δA(x) = t} = ∂{x : d(x,A) ≤ t},
{x : δA(x) = 0} = ∂A,

{x : δA(x) = t} = ∂{x ∈ A : B(x,−t) ⊆ A}.

Here the outer parallel set is closed and the ball in the inner par-
allel set is open.

This is Proposition 3.3(4) of Raič (2019), printed p. 2844, with the positive
and negative cases written separately to expose the exact outer-closure and
open-ball conventions used by the setwise smoothing inequality.
Lemma 2.4.3

Outer and inner shells as signed-distance slabs. Let A ⊊ Rd be
nonempty and convex, let γd = N(0, Id), and let ε ≥ 0. The convex
frontier is Gaussian-null, and

{x : d(x,A) ≤ ε} \A = δ−1
A ((0, ε]),

A \ {x ∈ A : B(x, ε) ⊆ A} = A ∩ δ−1
A ((−ε, 0]).

Consequently the omitted boundary has no effect on mass and

γd
(︁
{x : d(x,A) ≤ ε} \A

)︁
= γd

(︁
δ−1
A ((0, ε])

)︁
,

γd
(︁
A \ {x ∈ A : B(x, ε) ⊆ A}

)︁
= γd

(︁
δ−1
A ((−ε, 0])

)︁
.

Raič (2019), introduces the signed-distance neighborhoods on printed pp.
2825–2826 and uses precisely these positive and negative slabs in the proof of
Proposition 3.1, printed pp. 2844–2845, before applying the coarea formula.
The identities above retain the equality boundaries; the convex frontier is
Gaussian-null.
Theorem 2.4.4

Normalized affine codimension-one slicing. Put

ϕd(x) = (2π)−d/2e−∥x∥2/2.

Then γd = ϕd λd is standard Gaussian measure and
∫︁
ϕd dλd = 1.

If v ̸= 0, p ∈ Rd, and

Ht = p+ tv + v⊥,

then everymeasurableB ⊆ Rd and every nonnegativemeasurable
w satisfy

λd(B) = ∥v∥
∫︂
R
Hd−1(B ∩Ht) dt,∫︂

Rd

w dλd = ∥v∥
∫︂
R

∫︂
Ht

w dHd−1 dt,

γd(B) = ∥v∥
∫︂
R

∫︂
B∩Ht

ϕd dHd−1 dt.
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TheHausdorffmeasure is normalized so that top-dimensionalmea-
sure is Euclidean volume. Moreover, if u ∈ Rn+1 is a unit vector,
then ∫︂

au+u⊥
ϕn+1(y) dHn(y) = ϕ1(a) ≤ 1.

Ball (1993) uses codimension-one projections and Gaussian surface inte-
grals in the proof of Theorem 4, printed pp. 415–419. Raič (2019) states the
general area/coarea input as Proposition 3.2 and Corollary 3.1, printed pp.
2843–2844, and applies it in Proposition 3.1, printed pp. 2843–2845. This node
supplies the Mathlib-normalized affine specialization; the nonlinear coarea
formula for signed distance is recorded in the next node.
Theorem 2.4.5

Weighted area formula for an injective Lipschitz chart. Let U
and V be finite-dimensional real inner-product spaces, put m =
dimU , and let φ : S ⊆ U → V be Lipschitz and one-to-one on a
measurable set S. For every nonnegative measurable weight g :
V → [0,∞],∫︂

φ(S)

g(y) dHm(y) =

∫︂
S

Jm(Dφ|S)(x) g(φ(x)) dx.

HereDφ|S is thewithinderivative andJm is its absolutem-dimensional
Jacobian. In particular, if a Lipschitz inverse chart φ has a linear
left inverse P on S, so that P (φ(x)) = x, the same identity applies
without separately assuming full rank: differentiating the compo-
sition makesDφ|S injective almost everywhere.

This is the injective weighted specialization of Corollary 3.2.32 in Federer
(1969). Raič (2019) records the area formula as Proposition 3.2, printed pp.
2843–2844, and uses it both for coarea and for the boundary projection esti-
mate.
Theorem 2.4.6

Weighted scalar coarea formula. Let d ∈ N, let f : Rd → R be
globally Lipschitz, and let w : Rd → [0,∞] be Borel measurable.
Put

Jf (x) = ∥Df(x)∥, Qf,w(t) =

∫︂
f−1({t})

w(x) dHd−1(x),

where Df(x) is taken to be zero at points where f is not differen-
tiable and d− 1 is the natural-number predecessor. Then∫︂

Rd

Jf (x)w(x) dx =

∫︂
R
Qf,w(t) dt.
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For every a, b ∈ R, the exact half-open slab form is∫︂
f−1((a,b])

Jf (x)w(x) dx =

∫︂
(a,b]

Qf,w(t) dt.

If ∥Df(x)∥ = 1 for Lebesgue-almost every x, this reduces to∫︂
f−1((a,b])

w(x) dx =

∫︂
(a,b]

Qf,w(t) dt.

Corollary 3.2.32 of Federer (1969) supplies the area/coarea theorem. Raič
(2019) states themeasurable-fiber theoremasProposition 3.2, printedpp. 2843–2844,
and its scalar coarea specialization as Corollary 3.1, printed p. 2844. Raič
combines it with the almost-everywhere unit gradient of signed distance in
Proposition 3.3 and the proof of Proposition 3.1, printed pp. 2844–2845. The
version above uses nonnegative extended-valued weights, includes the exact
(a, b] convention, and also proves the dimension-zero endpoint under the dis-
played predecessor convention.
Theorem 2.4.7

Signed-distance coarea identities forGaussian shell profiles. Let
A ⊊ Rd be nonempty and convex, put

ϕd(x) = (2π)−d/2e−∥x∥2/2, Pγ(C) =

∫︂
∂C

ϕd(x) dHd−1(x),

whereHd−1 is normalized so that top-dimensionalHausdorffmea-
sure is Euclidean volume. For t > 0 and t < 0, respectively, define

p+A(t) = Pγ

(︁
{x : d(x,A) ≤ t}

)︁
, p−A(t) = Pγ({x : B(x,−t) ⊆ A}) ,

with open balls in the inner parallel set. If δA is signed distance,
then

p+A(t) =

∫︂
{x:δA(x)=t}

ϕd(x) dHd−1(x) (t > 0),

p−A(t) =

∫︂
{x:δA(x)=t}

ϕd(x) dHd−1(x) (t < 0).

Consequently, for every ε ≥ 0, the exact half-open disintegrations
are

γd
(︁
{x : d(x,A) ≤ ε} \A

)︁
=

∫︂
(0,ε]

p+A(t) dt,

γd(A \ {x : B(x, ε) ⊆ A}) =
∫︂
(−ε,0]

p−A(t) dt.

In particular, if every convex C ⊆ Rd satisfies Pγ(C) ≤ Kd for
Kd = 4d1/4, then each of these two shell masses is at mostKdε.
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Raič (2019), Proposition 3.1 defines the boundary and shell suprema and
derives both profile disintegrations, printed pp. 2843–2845. Corollary 3.1 gives
the scalar coarea formula, and Proposition 3.3 identifies ∥∇δA∥ = 1 almost
everywhere and {δA = t} = ∂At, both printed p. 2844. The two displayed
outer and inner equalities occur in the proof of Proposition 3.1 on printed p.
2845. The node specializes Raič’s continuous density to ϕd, retains the precise
equality-boundary conventions, and records the direct perimeter-to-shell im-
plication.

2.5 Ball’s Gaussian perimeter theorem

Theorem 2.5.1

Intrinsic Hausdorff measure on the Euclidean unit sphere. Let
Sd−1 = {x ∈ Rd : ∥x∥ = 1}, let ι : Sd−1 ↪→ Rd be inclusion,
and let Hd−1

S and Hd−1
E denote Euclidean Hausdorff measure on

the sphere as a metric space and on the ambient space, respec-
tively. Then

ι#Hd−1
S = Hd−1

E ↾ Sd−1.

Thus, for every nonnegative Borel function F : Rd → [0,∞],∫︂
Sd−1

F (θ) dHd−1
S (θ) =

∫︂
Sd−1

F (x) dHd−1
E (x).

If d ≥ 1 and κd = λd(B(0, 1)), then

Hd−1
S (Sd−1) = dκd.

This measure is finite, is nonzero when d ≥ 1, and every linear
isometry U : Rd → Rd preserves it:

(U |Sd−1)#Hd−1
S = Hd−1

S .

Ball (1993), equation (1) and the centered-ball evaluation immediately fol-
lowing it, printed pp. 411–412, use codimension-one Hausdorff measure and
the factor rd−1dκd, whichfixes thedisplayed surface-areanormalization. Lemma
3 introduces rotation-invariant probability on the sphere, printed p. 414, and
Theorem 4, equations (2)–(3), printed pp. 415–416, passes between spherical
averaging and Hausdorff surface projection. The intrinsic-to-ambient push-
forward identity makes that normalization explicit; the rotation statement is
validmore generally for everyHausdorff dimension on any real inner-product
space.
Theorem 2.5.2

Projection Jacobians and supporting-normal charts. Let d ≥ 2
and u, θ ∈ Sd−1. The orthogonal projection Pu,θ : u⊥ → θ⊥ satis-
fies

Jd−1Pu,θ = |⟨θ, u⟩|.
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If C ⊆ Rd is a compact convex body, every x ∈ ∂C admits an out-
ward supporting unit normal u, meaning

⟨y − x, u⟩ ≤ 0 for every y ∈ C.

For fixed θ, the boundary points with ⟨θ, u⟩ ̸= 0 are the countable
union of the two families

⟨θ, u⟩ ≥ a, ⟨θ, u⟩ ≤ −a, a > 0.

On each such patch, projection onto θ⊥ is one-to-one and its in-
verse ψ is Lipschitz. At every differentiability point of ψ with unit
normal u to its image tangent hyperplane,

|⟨θ, u⟩| Jd−1Dψ = 1.

This is theprojection identity andgraphdecomposition inBall (1993), equa-
tions (2)–(3) and the paragraph immediately following them, printed p. 416, in
the proof of Theorem 4. The strict positive and negative patches make the in-
verse charts and their Jacobian cancellation explicit. Composing these charts
with the preceding weighted area formula gives the surface-projection iden-
tity used in Ball’s argument.
Theorem 2.5.3

Weighted Cauchy projection formula for the Euclidean sphere.
Let d ≥ 2, let v ∈ Sd−1, write Pv : Rd → v⊥ for orthogonal projec-
tion, and let g : v⊥ → [0,∞] be Borel measurable. With intrinsic
codimension-one Hausdorff measure on Sd−1 and Euclidean vol-
ume on v⊥,∫︂

Sd−1

g(Pvθ)|⟨θ, v⟩| dHd−1(θ) = 2

∫︂
B

v⊥ (0,1)

g(z) dz.

Equivalently, the same left-hand integral may be written over the
unit sphere as an ambient subset with ambientHd−1. The factor 2
is exact: the two strict hemispheres each project one-to-one onto
the open unit ball, while the equator has zero integrand.

Ball (1993), Theorem 4 constructs the projection measure in equation (2),
thenobserves that almost every line in afixeddirectionmeets a convexbound-
ary at most twice, printed pp. 415–416. The infinitesimal surface-projection
factor |⟨θ, v⟩| is equation (3), printed p. 416. Applied to the Euclidean ball, the
two projection charts give the exact weighted Cauchy formula above, includ-
ing its intrinsic-Hausdorff and ambient-restriction forms.
Theorem 2.5.4
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Sphericalprojectionaverage. Letσd−1 be rotation-invariant prob-
ability measure on Sd−1. For d ≥ 1 and u ∈ Rd,∫︂

Sd−1

⟨θ, u⟩2 dσd−1(θ) =
∥u∥2

d
,

and hence ∫︂
Sd−1

|⟨θ, u⟩| dσd−1(θ) ≤
∥u∥√
d
.

The measure is invariant under every linear isometry of Rd.

Ball (1993), averages the projection inequality over Sd−1 immediately be-
fore equation (4), printed p. 416, in the proof of Theorem 4. The displayed sec-
ondmoment is the rotation-invariant covariance calculation underlying Ball’s
d−1/2 factor; Cauchy–Schwarz gives the absolute first-moment inequality.
Theorem 2.5.5

Ball’s spherical rearrangement inequality in the applied form.
Let d ≥ 1, let σd−1 be rotation-invariant probability measure on
Sd−1, and let F : R → R be continuous and nondecreasing on
[0,∞). If u, v ∈ Sd−1 are orthogonal, 0 ≤ α ≤ π/2, and

wα = cos(α)u+ sin(α)v,

then∫︂
Sd−1

F (|⟨θ, u⟩|)|⟨θ, v⟩| dσd−1(θ) ≤
∫︂
Sd−1

F (|⟨θ, u⟩|)|⟨θ, wα⟩| dσd−1(θ).

Ball (1993), Lemma 3 and its circle-fiber proof, printed pp. 414–415, treats
two arbitrary nondecreasing functions on [0, 1]. The result recorded here is
the exact continuous G(t) = t specialization used in Theorem 4: on printed
p. 416, immediately after equation (3), Ball takes F (t) = f(r

√
1− t2), which is

nondecreasing because the radial density f is nonincreasing, and concludes
that the spherical integral is minimized when the position and normal direc-
tions are perpendicular.
Lemma 2.5.6

RadialGaussianpeakandGammabound. For every integern ≥ 3
and every t ≥ 0,

e−t2/2tn−2 ≤ e−(n−2)/2(n− 2)(n−2)/2.

Moreover,
e−(n−2)/2(n− 2)(n−2)/2

2n/2−1Γ((n− 1)/2)
√
π

≤ 1

π
.
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These are the one-dimensional maximum and the normalized Gamma es-
timate in the last paragraph of Ball (1993), printed p. 419, completing the ana-
lytic estimate in the proof of Theorem 4. The second inequality retains Ball’s
exact 1/π constant in every dimension n ≥ 3.
Theorem 2.5.7

Ball’s radial projectionmajorant. For n ≥ 2, put

an = (
√
2π)−n, hn(t) = an

∫︂ π/2

0

(n−1−t2 sin2 θ) sinn−2 θ e−t2 sin2 θ/2 dθ, fn(t) = max{hn(t), 0}.

Then fn is continuous onR, nonnegative everywhere, nonincreas-
ing on [0,∞), and

t ≥
√
2n =⇒ fn(t) = 0.

For a radial function q : R → R, define its spherical projection by

(Tnq)(r) =
2

π

∫︂ π/2

0

q(r sin θ) sinn−1 θ dθ.

For every r ∈ R, the signed auxiliary function has the exact projec-
tion identity and its positive part gives the Gaussian majorization

(Tnhn)(r) = ane
−r2/2 ≤ (Tnfn)(r).

Finally, set

cn =

(︃
2n/2−1Γ

(︃
n− 1

2

)︃√
π

)︃−1

, pn = (n−1) voln−1(Bn−1(0, 1)).

Thepolarnormalization is exact, pnan = cn, and theone-dimensional
and Euclidean mass bounds are
cn
an

∫︂
(0,∞)

fn(t)t
n−2 dt ≤ 2n1/4,

∫︂
Rn−1

fn(∥x∥) dx ≤ 2n1/4.

The samenonnegative-integral boundholds oneveryfinite-dimensional
real inner-product space of dimension n− 1.

Ball (1993), reduces Theorem 4 to the projection majorization in equation
(4), defines the signed inverse transform by equations (5)–(6), and takes its
positive part, printed p. 417. The power-series calculation following equation
(7), also on printed p. 417, proves the requiredmonotonicity; the zero-location
estimate and polar mass identity are on printed p. 418. The two-part integral
estimate and normalized Gamma peak close µ(Rn−1) ≤ 2n1/4 on printed pp.
418–419. The statement above separates the construction, the exact signed
projection, the positive-part majorization, the compact positive-radius sup-
port, and both normalized forms of the mass estimate.
Theorem 2.5.8



24 CHAPTER 2. NORMAL APPROXIMATION OVER CONVEX SETS

Sphericalmajorization of Gaussian density times a normalmag-
nitude. Let d ≥ 2, let x,N ∈ Rd, and write Pθ for orthogonal pro-
jection onto θ⊥. If fd is Ball’s radial majorant, ϕd is standard Gaus-
sian density, and Hd−1

S is intrinsic Hausdorff measure on Sd−1,
then

ϕd(x)∥N∥ ≤ 1

Hd−1
S (Sd−1)

∫︂
Sd−1

fd(∥Pθx∥)|⟨θ,N⟩| dHd−1
S (θ).

The statement also includes the exact orthogonal-direction iden-
titywithBall’s one-dimensional transformand themonotone spher-
ical rearrangement inequality that extends it to an arbitrary nor-
mal direction. No normalization assumption is made onN .

Ball (1993), derives the spherical density inequality in equation (3), applies
Lemma 3 to reduce arbitrary position and normal directions to the orthogo-
nal case, and rewrites that case as equation (4), printed pp. 416–417. Equa-
tions (5)–(7) construct the monotone radial majorant used here, printed pp.
417–418. These steps give the pointwise vector inequality used in the bound-
ary area formula.
Theorem 2.5.9

Weighted boundary projection area and the factor-two linemul-
tiplicity. Let d ≥ 2, let C ⊆ Rd be a compact convex body with
nonempty interior, and let θ ∈ Sd−1. There is a finite disjoint fam-
ily of Lipschitz graph charts φj : Tj → ∂C. For every nonnegative
measurable w : θ⊥ → [0,∞],

∑︂
j

∫︂
Tj

Jd−1(Pθ ◦Dφj(z))w(Pθφj(z)) dz ≤ 2

∫︂
θ⊥
w(y) dy.

Thechart Jacobian is thenormal-free representative of |⟨θ, nC⟩| dHd−1.
In particular, with Ball’s radial majorant fd,∑︂

j

∫︂
Tj

Jd−1(Pθ ◦Dφj(z)) fd(∥Pθφj(z)∥) dz ≤ 4d1/4.

Ball (1993), introduces the projected comparison measure in equation (2),
printed p. 415, and observes that almost every line in a fixed direction meets
the boundary of a convex body at most twice, yielding the factor 2, printed p.
416 in the proof of Theorem 4. The radial mass estimate µ(Rd−1) ≤ 2d1/4 is
completed on printed pp. 418–419. The same projection argument can be ex-
pressed through a finite disjoint chart cover and the equal-rank area formula,
avoiding any measurable choice of an outward normal.
Theorem 2.5.10
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Ball’s Gaussian perimeter theorem. Let d ≥ 2 and let C ⊆ Rd be
convex. With

Pγ(C) =

∫︂
∂C

(2π)−d/2e−∥x∥2/2 dHd−1(x), Kd = 4d1/4,

one has
Pγ(C) ≤ Kd.

The conclusion holds without assuming thatC is closed, bounded,
or full-dimensional. For a compact convex body with nonempty
interior it follows from the spherical density and boundary pro-
jection estimates above; closure, increasing compact truncation,
affine slicing, and the empty-interior case complete the domain.

This is Ball (1993), Theorem 4, printed pp. 415–419, with its explicit con-
stant 4d1/4. Ball states the theorem for convex bodies. The compact full-
dimensional case is extended to every convex set by the boundary-content
reductions described in the statement; the codimension-one case uses nor-
malized affine slicing, while higher-codimension boundaries have zeroHd−1

measure.
Theorem 2.5.11

Explicit Gaussian shell bounds for convex sets. Let d ∈ N, let
A ⊆ Rd be convex, and let ε ≥ 0. Put Kd = 4d1/4 and let γd be
standard Gaussian measure. Then

γd
(︁
{x : d(x,A) ≤ ε} \A

)︁
≤ Kdε,

and, with open balls in the inner core,

γd(A \ {x : B(x, ε) ⊆ A}) ≤ Kdε.

These statements includedimensions zero andoneaswell as empty,
full, unbounded, and lower-dimensional convex sets.

Ball (1993), Theorem4, printed pp. 415–419, supplies the boundary-content
constant in dimensions at least two. Raič (2019), Proposition 3.1 and its proof,
printed pp. 2843–2845, derive the outer and inner shell integrals from Gaus-
sian boundary content by signed-distance coarea. Bentkus (2004), uses the re-
sulting O(d1/4ε) estimate as equation (1.4), printed p. 401. The version above
keeps the exact half-open boundary conventions and includes the elementary
zero- and one-dimensional endpoints.

2.6 Smoothing convex indicators

Lemma 2.6.1
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Setwise Bentkus smoothing inequality. Let µ, ν be probability
measures on Rd, let A be measurable and convex, and let ε > 0.
Define the closed outer parallel set and the inner core by

A+
ε = {x : d(x,A) ≤ ε}, A−

ε = {x : B(x, ε) ⊆ A},

where B(x, ε) is the open ball. The inner core is closed, convex,
and contained inA. There are total cutoffsφA andφA−

ε
with values

in [0, 1], equal to 1 on their indexing set and equal to 0 respectively
off A+

ε and off A. They are continuously differentiable and obey

∥Dφ(x)∥ ≤ 2

ε
, ∥Dφ(x)−Dφ(y)∥ ≤ 8

ε2
∥x− y∥.

Moreover,

|µ(A)− ν(A)| ≤ max
{︃⃓⃓⃓⃓∫︂

φA dµ−
∫︂
φA dν

⃓⃓⃓⃓
,

⃓⃓⃓⃓∫︂
φA−

ε
dµ−

∫︂
φA−

ε
dν

⃓⃓⃓⃓}︃
+max

{︁
ν(A+

ε \A), ν(A \A−
ε )
}︁
.

This is the setwise formofLemma2.1 inBentkus (2004), combinedwith the
cutoff of Lemma 2.2, equation (2.2), printed p. 402. The paper takes the outer
neighborhood {dA ≤ ε} and defines its inner neighborhood using a closed
ball. The inner core above uses an open ball, equivalently the complement of
the open ε-thickening ofAc; this keeps the equality boundary in the displayed
inner shell. Empty and nonclosed convex sets are handled by the total cutoff
and A explicitly.

2.7 Gaussian density calculus

Lemma 2.7.1

Derivative integral against a Lipschitz function. LetE be a finite-
dimensional real normed vector space with a Haar measure λ, let
p : E → R be a Schwartz function, and suppose that f : E → R is
a-Lipschitz. Then, for every h ∈ E,⃓⃓⃓⃓∫︂

E

f(y)Dp(y)[h] dλ(y)

⃓⃓⃓⃓
≤ a∥h∥

∫︂
tsupp f

|p(y)| dλ(y).

This is Bentkus (2004), Lemma2.3, equations (2.3)–(2.4), printedpp. 402–403.
The paper’s hypothesis that p and all of its derivatives decay faster than ev-
ery inverse power is represented by the Schwartz-class hypothesis above. The
difference-quotient argument does not require the Lipschitz factor to be dif-
ferentiable.
Theorem 2.7.2
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Gaussian density derivatives and the cubic-contraction bound.
Let E be a finite-dimensional real inner-product space, let m =
dimE, and set

ρ(x) = (2π)−m/2e−∥x∥2/2.

Its first three directional Fréchet derivatives are

Dρ(x)[h] = −⟨x, h⟩ρ(x),
D2ρ(x)[h, k] = (⟨x, h⟩⟨x, k⟩ − ⟨h, k⟩)ρ(x),

D3ρ(x)[h, k, l] =
(︁
−⟨x, h⟩⟨x, k⟩⟨x, l⟩+ ⟨h, k⟩⟨x, l⟩+ ⟨h, l⟩⟨x, k⟩+ ⟨k, l⟩⟨x, h⟩

)︁
ρ(x).

In particular,

D3ρ(x)[w,w, g] = ρ(x)Hw,g(x),

where

Hw,g(x) = 2⟨w, g⟩⟨x,w⟩+ ∥w∥2⟨x, g⟩ − ⟨x, g⟩⟨x,w⟩2.

The contraction Hw,g is integrable under the standard Gaussian
law γE. Writing m4 =

∫︁
R t

4 dN(0, 1)(t), one has the dimension-
free estimate∫︂

E

|Hw,g(x)| dγE(x) ≤ (3 +
√
m4) ∥w∥2∥g∥.

This supplies the exact Gaussian analytic input to the integration-by-parts
estimate inBentkus (2004), Lemma2.3, equations (2.3)–(2.4), printedpp. 402–403.
The twice-equal third derivative is equation (3.21), printed p. 405, and the ab-
soluteGaussian integral estimate is thedimension-free content used in (3.22)–(3.23),
printed pp. 405–406. The general Lipschitz integration-by-parts lemma itself
remains the separate node immediately above.
Theorem 2.7.3

Gaussian integration by parts localized to the support of a Lips-
chitz factor. Put

ρ(y) = (2π)−d/2e−∥y∥2/2.

The directional derivative Dρ(·)[w] is Lebesgue integrable. If f :
Rd → R is globally Lipschitz and differentiable, then∫︂

Rd

Df(y)[h]ρ(y) dy = −
∫︂
Rd

f(y)Dρ(y)[h] dy.

Moreover, if f is L-Lipschitz, then, for all w, h ∈ Rd,⃓⃓⃓⃓∫︂
Rd

f(y)D2ρ(y)[w, h], dy

⃓⃓⃓⃓
≤ L∥h∥

∫︂
tsupp f

|Dρ(y)[w]| dy.
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This is Bentkus (2004), Lemma2.3, equations (2.3)–(2.4), printedpp. 402–403.
Thefirst identity is theGaussian-density integration-by-parts stepused in equa-
tion (3.32), printed p. 407; the final estimate specializes Lemma 2.3 to p =
Dρ(·)[w].
Theorem 2.7.4

Pulled-back cutoff derivative and its shell-localized bound. Let
A be closed and convex, ε > 0, and let φA be the Bentkus cutoff.
For a, x ∈ Rd and a linear map L, set

q(u) = DφA(a+ Lu)[x].

Then q is 8∥L∥∥x∥/ε2-Lipschitz and

tsupp q ⊆ {u : a+ Lu ∈ A+
ε \ intA}.

Consequently, for all w, h ∈ Rd,⃓⃓⃓⃓∫︂
q(u)D2ρ(u)[w, h], du

⃓⃓⃓⃓
≤ 8∥L∥∥x∥∥h∥

ε2

·
∫︂
{u:a+Lu∈A+

ε \intA}
|Dρ(u)[w]| du.

This is the deterministic integration-by-parts step in Bentkus (2004), equa-
tion (3.32), printedp. 407,with the shell placementused in equations (3.30)–(3.34),
printedpp. 407–408. The topological support retains theboundaryofA, hence
the exact shell removes only intA.

2.8 Taylor remainders and angle splitting

Lemma 2.8.1

First-orderand two-shiftTaylorremainders. LetE bea real normed
vector space, let f : E → R be continuously differentiable, and
suppose thatDf is L-Lipschitz. Then

|f(x+ h)− f(x)−Df(x)[h]| ≤ L

2
∥h∥2.

For two shifts v, w ∈ E, freezing the derivative at x gives

|(f(x+ v + w)− f(x+ v))−Df(x)[w]| ≤ L∥w∥
(︃
∥v∥+ ∥w∥

2

)︃
.

This is the integral Taylor estimate used in Bentkus (2004), equation (3.28),
printed p. 407, before the centering and covariance cancellations are applied.
Thefirst inequality keeps the exact 1/2obtainedby integrating the linearderiva-
tive increment.
Theorem 2.8.2
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Integratedsecond-orderremainder for thefirstGaussian-density
derivative. Let ρ be the standard Gaussian density on Rd, and let
φ : Rd → R be measurable with |φ| ≤ 1. For all a,w, g ∈ Rd,⃓⃓⃓⃓∫︂

φ(x)D3ρ(x− a)[w,w, g], dx

⃓⃓⃓⃓
≤ (3 +

√
m4)∥w∥2∥g∥,

wherem4 =
∫︁
t4 dN(0, 1)(t). Consequently, for every h, g ∈ Rd,⃓⃓⃓⃓ ∫︂

φ(x)
(︁
Dρ(x− h)[g]−Dρ(x)[g]

+D2ρ(x)[h, g]
)︁
dx

⃓⃓⃓⃓
≤

3 +
√
m4

2
∥h∥2∥g∥.

This is the cancellation-ready Taylor estimate in Bentkus (2004), equations
(3.19)–(3.23), printed pp. 405–406. The factor 1/2 is the integral of the second-
order Taylor kernel, while the dimension-free constant is the absolute cubic
Hermite contraction.
Lemma 2.8.3

Exact trigonometric integrals for Bentkus’s angle split. If 0 <
γ ≤ π/2, then ∫︂ π/2

γ

cosα
sin2 α

dα =
1

sin γ
− 1 ≤ 1

sin γ
.

Consequently, if 0 < ε ≤ 1 and γ = arcsin ε, then∫︂ π/2

arcsin ε

cosα
sin2 α

dα = ε−1 − 1.

For 0 ≤ ε ≤ 1, the complementary small-angle mass is exactly∫︂ arcsin ε

0

cosαdα = ε.

Bentkus (2004), splits the rotation at γ in equations (3.11)–(3.15), printed pp.
404–405. In the proof of (3.13), the integral

∫︁ γ

0
cosαdα occurs immediately af-

ter equation (3.33), printed p. 407. In the proof of (3.14), equations (3.39)–(3.40)
are followed by the bound on

∫︁ π/2

γ
cosα/ sin2 αdα, printed p. 409. Bentkus

chooses sin γ = ε after equation (3.8), printed p. 404; the node retains the
exact antiderivatives before taking the inequalities used in the paper.
Lemma 2.8.4

Three-piece angle decomposition andcoordinate summation. If
F is interval-integrable on [0, γ] and [γ, b], andR is interval-integrable
on [γ, b], then ∫︂ b

0

F =

∫︂ γ

0

F +

∫︂ b

γ

(F −R) +

∫︂ b

γ

R.
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For 0 < ε ≤ 1, ifK ≥ 0 and

|F (α)| ≤ K
cosα
sin2 α

for α ∈ (arcsin ε, π/2],

then ⃓⃓⃓⃓
⃓
∫︂ π/2

arcsin ε

F (α) dα

⃓⃓⃓⃓
⃓ ≤ K

ε
,

π

2
− arcsin ε ≤ 2.

Suppose a coordinate contribution satisfies T = S+L+R and, for
nonnegative d1/4, q, βk,KL,KR,

|S| ≤ KSd1/4(1 + q)βk, |L| ≤ KLd1/4qβk, |R| ≤ KRd1/4βk.

Then
|T | ≤ (KS +KL +KR)d1/4(1 + q)βk.

Moreover, if β =
∑︁

k βk, ε > 0, and

|Tk| ≤ Kd1/4

(︃
1 +

Cβ

ε

)︃
βk,

then ⃓⃓⃓⃓
⃓∑︂

k

Tk

⃓⃓⃓⃓
⃓ ≤ Kd1/4

(︃
β +

Cβ2

ε

)︃
.

Deleting one nonnegative coordinate cannot increase the corre-
sponding finite sum: ∑︂

i ̸=k

βi ≤
∑︂
i

βi.

This is the scalar assembly behind Bentkus (2004), Section 3, printed p.
404. The small-angle, large-angle difference, andGaussian-reference estimates
are equations (3.13)–(3.15); they combine to equation (3.6), summation over
coordinates gives equation (3.7), and insertion into the smoothing inequality
gives equations (3.8)–(3.9). Thedisplayeddecompositionandomitted-coordinate
inequality make explicit the bookkeeping compressed in the paper.
Lemma 2.8.5

Closure of the smoothing parameter. Let C ≥ 1, d ≥ 1, β > 0,
and∆ ≤ 1. Suppose

K(2
√
C + 1) ≤ C

and, whenever β
√
C < 1,

∆ ≤ Kd1/4
(︃
β
√
C + β +

Cβ2

β
√
C

)︃
.

Then
∆ ≤ Cd1/4β.
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This is the scalar calculation inBentkus (2004), equations (3.9)–(3.10), printed
p. 404. It chooses ε = β

√
C; the complementary branch ε ≥ 1 closes directly

from∆ ≤ 1.

2.9 The identity-covariance replacement induction

Lemma 2.9.1

The small-cardinality and large-summand induction branches.
LetX1, . . . , Xn be independent centered L3 random vectors inRd,
assume that Cov(

∑︁
iXi) = Id, and put

β =
∑︂
i

E∥Xi∥3.

Then ∑︂
i

E∥Xi∥2 = d, d3 ≤ nβ2.

If d > 0, M ≥ 0, and n ≤ d3M2, then 1 ≤ Mβ; hence, for every
probability measure ν on Rd and every set A,⃓⃓⃓⃓

⃓Pr
(︄∑︂

i

Xi ∈ A

)︄
− ν(A)

⃓⃓⃓⃓
⃓ ≤Mβ.

Separately, if one summand satisfies E∥Xk∥2 ≥ 1
4 , then

1 ≤ 8E∥Xk∥3.

These are the two trivial branches at the start of Section 3 inBentkus (2004),
printed p. 403. The first is the Hölder calculation and∆ ≤ 1 argument imme-
diately after equation (3.1) for n ≤ d3M2; the second is the large-individual-
covariance exclusion immediately before equation (3.2). These are precisely
themoment consequences usedbefore thenontrivialTaylor inductionbegins.
Lemma 2.9.2

Leave-one-out whitening in the small-second-moment branch.
Under identity total covariance, fix k and suppose that

E∥Xk∥2 <
1

4
.

IfUk =
∑︁

i ̸=kXi and Sk = Cov(Uk), then Sk is positive definite. Its
inverse square root Tk = S

−1/2
k satisfies

∥Tkx∥ ≤ 2∥x∥, ∥Tkx∥3 ≤ 8∥x∥3.

Consequently, for everyL3 randomvectorZ onanymeasure space,∫︂
∥TkZ∥3 ≤ 8

∫︂
∥Z∥3.
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This is the small-individual-covariance branch introduced after equation
(3.2) in Bentkus (2004), printed pp. 403–404. The paper writes P 2

k = Cov(Uk)
andQk = P−1

k and, after excluding the large-covariance trivial case, assumes
∥Qk∥ ≤ 2; this gives the third-moment factor 23 = 8.
Theorem 2.9.3

Identity-covariance convex-set replacement bound. There is an
absolute constant C > 0 such that, for every d, n ∈ N with d > 0,
every probability space (Ω,F , µ), and every familyXi : Ω → Rd in-
dexed by i ∈ Fin(n) satisfyingXi ∈ L3(µ), mutual independence,
and

∫︁
Ω
Xi dµ = 0, if W =

∑︁
iXi has identity covariance in the

bilinear sense

Covµ◦W−1(x, y) = ⟨x, y⟩ for every x, y ∈ Rd,

one has, for every measurable convex A ⊆ Rd,⃓⃓
(µ ◦W−1)(A)− γd(A)

⃓⃓
≤ Cd1/4

∑︂
i∈Fin(n)

∫︂
Ω

∥Xi(ω)∥3 dµ(ω),

where γd is standard Gaussian measure on Rd.

This is the identity-covariance specialization of Bentkus (2004), Theorem
1.2, printed p. 401, and the standardized setup in equation (3.1), printed p. 403.
The leave-one-out induction begins with equation (3.2), printed p. 403; the
rotation and replacement estimates in equations (3.4)–(3.15) occupy printed
pp. 404–405, and the proof continues through printed p. 409. Bentkus leaves
the absolute constant unspecified; tracking constants through the preceding
estimates gives one absolute choice.

2.10 Bentkus’s convex-set theorem

Theorem 2.10.1

Bentkus’s Lyapunov bound for convex sets. There is an absolute
constant C > 0 with the following property. Let d, n ∈ N with
d > 0, letX1, . . . , Xn be independent measurable random vectors
in Rd such that

EXi = 0, E∥Xi∥3 <∞,

and set W =
∑︁n

i=1Xi. Suppose that the covariance matrix S =
Cov(W ) is positive definite, and let G be a centered Gaussian ran-
dom vector with covariance matrix S. Then for every measurable
convex set A ⊆ Rd,

|Pr(W ∈ A)− Pr(G ∈ A)| ≤ Cd1/4
n∑︂

i=1

E
⃦⃦⃦
S−1/2Xi

⃦⃦⃦3
.
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This isTheorem1.1 andequation (1.1) ofBentkus (2004), printedpp. 400–401.
The matrix S here is the total covariance; S−1/2 is the paper’s inverse of the
positive covariance square root. The proof first establishes the standardized
replacement estimate and then applies covariance-square-root whitening.
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